We present a design of a superconducting rf photonic band gap (SRF PBG) accelerator cell with specially shaped rods in order to reduce peak surface magnetic fields and improve the effectiveness of the PBG structure for suppression of higher order modes (HOMs). The ability of PBG structures to suppress long-range wakefields is especially beneficial for superconducting electron accelerators for high power free-electron lasers (FELs), which are designed to provide high current continuous duty electron beams. Using PBG structures to reduce the prominent beam-breakup phenomena due to HOMs will allow significantly increased beam-breakup thresholds. As a result, there will be possibilities for increasing the operation frequency of SRF accelerators and for the development of novel compact high-current accelerator modules for the FELs.
I. INTRODUCTION
Modern high-power free-electron lasers (FELs) continue to place serious demands on driver accelerators, which are required to provide high current, continuous duty, electron beams with minimal degradation to transverse and longitudinal emittances [1] . Superconducting radio-frequency (SRF) cavities are a natural choice for accelerator systems operating in a continuous wave (CW) mode [2] . The drawback of providing refrigeration for operating the machine IS offset by the relative ease with which CW radio-frequency (rf) can be coupled into and sustained in SRF cavities. Going to higher frequencies in SRF accelerators will save on cooling power, as well as provide a more compact and lower cost accelerating structure. However, extremely low rf losses in SRF cavities become a handicap when we consider higher-order modes (HOMs), which once excited, oscillate with very high Q-factors and interact with a bunched beam causing instabilities, energy spread, degradation of the beam quality, and additional cryogenic losses [3, 4] . The beam breakup threshold due to HOM wakefields in the linac scales inversely proportional to frequency squared [5] . Therefore, much of the effort in the field of SRF for high current electron accelerators was directed to ensure strong damping of parasitic HOM oscillations [2, [5] [6] [7] .
To minimize the effects of HOMs, special HOM dampers (absorbers or couplers) are typically attached to the beam tube sections of SRF cavities [2] . The absorber is a section of the beam pipe with a layer of microwave absorbing material (lossy ferrites or ceramics) [8, 9] . One of the major disadvantages of absorbers is that ferrite materials are brittle and, if cracked, contaminate SRF cavities with particulate matter. HOM couplers usually are made with either a set of waveguides or coaxial lines connected to the beam pipe. A typical configuration of waveguide couplers uses a Y-shaped arrangement of three waveguides on the beam tube of the accelerating section [10, 11] . Waveguides act as natural bandpass filters with respect to the fundamental mode and are inherently broadband. However, they often perform inferior to absorbers with respect to sufficiently damping HOMs. Coaxial dampers usually offer stronger damping than waveguide couplers and are more compact [12] . Their main disadvantage is their fundamental rf rejection filters, which must be carefully tuned. In addition to the above, placing HOM couplers or absorbers in beam tubes occupies space on the beam line (in case of the absorbers, outside of the cryostat) which otherwise could be used for accelerating the beam. Therefore, it reduces the fill factor and the real estate gradient. Finally, optimization of the dampers for sufficient absorption of HOMs always leads to compromises with the gradient performance of the accelerating structure. For example, enlarging the beam pipe to facilitate propagation of lowestfrequency HOMs to the absorber lowers the shunt impedance of the fundamental mode.
It has been demonstrated that photonic band gap (PBG) [13] cavities have the intrinsic potential for absorption of HOM power and reduction of wakefields. A PBG accelerating cavity employs a PBG structure in the form of a triangular array of metal rods with one rod removed from the center [14, 15] . This periodic electromagnetic structure possesses a rejection band which serves to confine and localize the fundamental mode around the defect (missing rod) [16] . The spacings of the array and the diameters of rods are adjusted so that the frequencies of HOMs fall outside of the rejection band. In this manner, all parasitic wakefields are not confined at the center and may be extracted at the periphery of the structure [17] . The first room-temperature PBG accelerator cavities were built without an external enclosing wall so that the wakefields freely radiated into surrounding space [17, 18] . Since SRF cavities are immersed in liquid helium and cooled down to superconducting temperatures, SRF PBG resonators must be enclosed by a solid wall [19] . Coupling waveguides may be attached to the outer wall for efficient extraction of HOM power and also for coupling rf to the fundamental accelerating mode. One possible design for an SRF accelerator section with a PBG cell and couplers is shown in Fig. 1 . This accelerator section resonates at the frequency of 2.1 GHz [20] . Two HOM couplers in the form of the WR-229 waveguides were placed at the periphery of the PBG cell to reduce the Q-factors of the lowest HOMs. A bigger WR-430 waveguide serves as a high-power fundamentalmode coupler. This design incorporates HOM and fundamental mode couplers as a part of the accelerating structure without losing valuable space on the accelerating line and without causing additional azimuthal asymmetries in the accelerating mode. Together with WR-229 waveguides, the PBG structure serves as an efficient natural rejection filter for the accelerating mode. The WR-229 couplers that are placed in the accelerating cavity provide strong HOM damping without decreasing the shunt impedance of the accelerating mode.
An initial proof-of-principle fabrication of the simplest version of SRF PBG resonator was recently reported in [19] . Two cavities with simple PBG structures made of round niobium rods were fabricated. The cavities were tested at both 4 and 2 K and performed well. One demonstrated accelerating gradients of 15 MV=m, which corresponds to peak surface magnetic fields of approximately 130 mT. However, in order for SRF PBG cavities to be fully competitive with more traditional SRF coupler configurations for high current accelerator applications, they need to be capable of withstanding the gradients higher than 15 MV=m without compromising their efficiency with respect to HOM damping.
The research that is reported here presents a novel design of an SRF PBG resonator with elliptically shaped rods, which should be able to maintain gradients 40 percent higher than previously tested resonators with round rods. In addition, this resonator performs better in confining the fundamental accelerating mode and is more efficient for damping HOMs.
II. MINIMIZATION OF PEAK SURFACE MAGNETIC FIELDS IN A PBG RESONATOR
We started our investigation of the strategies to minimize peak surface magnetic fields by examining the geometry of the 2.1 GHz SRF PBG resonator with the regular array of round cylindrical rods reported in [19] . The dimensions and peak surface fields in this resonator are summarized in Table I . We investigated ways that the geometry of this structure could be modified so that the peak surface magnetic fields are reduced and overall gradient limitations of the structure are increased. The initial idea was to bend the inner rods of the PBG resonator in a manner mimicking an elliptical SRF cavity, thereby pushing the high magnetic field away from the surface. However, bending the rods of the PBG structure did not produce the same effect (Fig. 2) . The surface field reached its maximum value at the point of maximum curvature of the central rod, and this maximum value was higher than the peak magnetic field on the surface of an unbent round rod of equal diameter. Next, we followed the idea of Munroe et al. [21] [22] [23] and changed the shape of the six inner rods of the PBG resonator from round cylindrical to an elliptical cross section (Fig. 3) . Squeezing the rods in the radial direction towards the center of the resonator produced immediate reduction in peak surface magnetic fields. It is obvious, however, that for very elongated elliptical rods, the magnetic field will increase at the sharp corners of the ellipses. Therefore, the minor radius of the elliptical rods was optimized to minimize the peak surface magnetic field. The optimization was performed for each possible major radius. In the process, we noticed that any changes in the minor radius of elliptical rods resulted in shifting the frequency of the resonator. This had to be compensated for by other changes in the geometry (Fig. 4) . One way to adjust the frequency was to put rectangular inserts into each elliptical rod to make the rods thicker [as shown in Fig. 4(a) ]. Another way was to move the elliptical rods closer to the center of the resonator, and the third way was to decrease the period of the whole PBG structure. The size of the rectangular inserts or the required decrease in the period of the structure are functions of the chosen major radius of the elliptical rod. However, we have discovered that the optimized minor radius stayed nearly constant and almost independent of the major radius and approximately equal to 0.09 of the period of the PBG structure (Fig. 4) . Using results from simulations with CST MICROWAVE STUDIO [24] , we discovered that if the major half-axis of the new elliptical rod was equal to the radius of the round rod of the resonator of [19] (0.15 times the period of the structure) then the peak surface magnetic field immediately decreased by 17 percent. If the major radius of the ellipse is   FIG. 3 (color online) . Change in the shape of the inner rods of the PBG cavity to reduce peak surface magnetic fields. further increased, then the surface magnetic field decreases further below 60 percent of the value in the structure with round cylindrical rods (Fig. 5) .
III. GEOMETRY OPTIMIZATION FOR MAXIMUM HOM SUPPRESSION
We determined that changing the inner row of PBG rods from the round shape to elliptical shape effectively reduces the peak surface magnetic field. However, a question arises: would the PBG resonator with elliptical rods still be as effective with respect to the confinement of the fundamental mode and suppression of wakefields as the resonator with equally spaced round rods? To characterize the fundamental mode confinement and the filtering of HOMs, we first modeled the PBG resonator with open sidewalls as shown in Fig. 6 . We ran simulations with the time-domain solver of the CST MICROWAVE STUDIO and excited the cavity with a virtual current source which was placed in a cavity off-axis (at the radius equal to a half of the radius of the beam pipe). The current source was driven by a pulse containing the frequency spectrum of interest. Open boundary conditions were defined in all three directions. We looked at decay rates of microwave energy stored in the cavity and computed the diffraction Q-factors of the fundamental mode and the slowest decaying HOM. This method ran fast and converged quickly.
First, we tested the transient method on a well-known geometry and modeled the decay of the fundamental mode and the higher order modes in a cavity with a regular PBG structure of round rods with different diameters. The fundamental mode was excited by a current pulse with a narrow frequency spectrum centered at 2.1 GHz. The HOM spectrum was excited with a current pulse with a frequency content from 2.5 to 3.5 GHz. The results of this simulation are summarized in Fig. 7 . The figure shows the plot of the Q-factors for the fundamental mode and the most-slowly decaying HOM as a function of the ratio of the radius of the structure's rod to the period of the structure, r=p. It can be seen from the graphs that the decay of both the fundamental mode and the higher order modes slows down as the radii of the rods of the PBG structure increase, and that the fundamental mode is more strongly confined by the structure than the HOMs.
Next, we analyzed the confinement of the fundamental mode and the HOMs in all three types of PBG structure with elliptical rods: rods with rectangular inserts, shifted first row of rods, and the structure with the reduced period. The results are summarized in Fig. 8 . The plots show diffraction Q-factors computed from the decay of the fundamental mode and HOMs for all three cases. For comparison, the Q-factors of the fundamental mode and HOMs for the resonator with round rods and r=p ¼ 0.15 are shown on each plot. For the particular case of a cavity with the first row of elliptical rods shifted towards the center, it can be seen that for the certain ratios of the elliptical rod's major half-axis to the period of the structure a=p < 0.27, the HOMs decay faster than HOMs in the resonator with round rods and r=p ¼ 0.15. However, for the same structure and a=p > 0.21, the fundamental mode decays slower than in the structure with round rods and r=p ¼ 0.15. This effect can probably be explained by the perturbed periodicity of the structure. Together with the fact that the peak surface magnetic fields in the structure with elliptical rods with 0.21 < a=p < 0.27 are approximately 40 percent lower than in the structure with round rods, it makes the resonator with elliptical rods shifted towards the center a perfect candidate for a structure with improved wakefield suppression and capability to achieve high accelerating gradients.
To complete the higher-order-mode analysis we modeled a PBG resonator with shifted elliptical rods and a=p ¼ 0.25 surrounded by a solid metal wall with three coupling WR-229 waveguides attached to the wall (Fig. 9) . We varied the positions of the three waveguides to achieve the optimal coupling to HOMs. The final angular positions of the waveguides are shown in Fig. 10 . The decay of the stored electromagnetic energy in this geometry for frequencies from 2.75 to 3.5 GHz is shown in Fig. 10 . All HOMs decay out through the waveguides with Q-factors below 115.
IV. Thermal analysis
Thermal analyses were conducted to rule out the possibility of thermal quench due to inadequate cooling. The niobium rods were intended to be manufactured as tubes so that they could be cooled with liquid helium along the length of the rod [19] . High gradient tests were planned to be conducted in a vertical cryostat 965 mm in diameter and 3048 mm in depth. The exact geometry was reproduced in the thermal simulations. Thermal analysis was performed using ANSYS software [25] . The electric and magnetic fields in a PBG resonator operating at a gradient of 10 MV=m were computed with the CST MICROWAVE STUDIO and then exported to ANSYS on a compatible grid. Analysis was performed first at 2 kelvin with liquid helium in a superfluid state and then at 4 kelvin when both conduction and free convection mechanisms of heat transfer had to be taken into account.
At 2 kelvin and 10 MV=m accelerating gradient the estimated thermal load on a whole cavity with round rods was 0.61 W. Due to the high thermal conductivity of superfluid helium at 2 kelvin, the bath did not exhibit any temperature gradient that would drive buoyancy forces (i.e., natural convection), so the heat transfer was purely due to conduction. The temperature distribution on the surface of a niobium cavity with round rods immersed in superfluid helium is shown in Fig. 11 . It can be seen from the figure that for 10 MV=m CW accelerating gradient the temperature change at the cavity's surface was less than 0.03 kelvin. Therefore, we concluded that the thermal quench is not an issue at 2 kelvin for reasonable accelerating gradients.
At 4 kelvin and 10 MV=m accelerating gradient the estimated thermal load on a cavity with round rods was 23.6 W and for the cavity with elliptical rods was 19.28 W. Thermal conductivity of liquid helium at 4 kelvin is approximately seven times lower than at 2 kelvin; therefore, both heat transfer mechanisms were taken into account to accurately simulate cooling of the cavity. The full computational fluid dynamics analysis was conducted with realistic coupling between the two heat transfer mechanisms. The results of this simulation are shown in Fig. 12 . It can be seen from that figure that for the cavity with round rods running CW at 10 MV=m the peak surface temperature does not exceed 6.72 kelvin, and for the cavity with elliptical rods the temperature is somewhat lower, below 6.32 kelvin. Therefore, we concluded that in the tests of the cavity with round rods [19] thermal quench could not be an issue. Maximum observed gradients at 4 kelvin did not exceed 10.6 MV=m, and therefore peak surface temperatures were well below the critical temperature of niobium, which is 9.2 kelvin. However, if the cavity with elliptical rods goes to significantly higher gradients and thermal loads, thermal quench may become an issue, since heating of the surface could become significant.
V. CONCLUSION
We have designed an improved 2.1 GHz SRF PBG resonator with six elliptical inner rods. This new resonator is superior to the resonator with round rods due to more efficient higher order mode suppression and better high gradient performance. The improved resonator has 40 percent lower peak magnetic fields than the resonator with round rods. We simulated the damping of HOMs in this resonator with three WR-229 waveguides attached to the outside metal wall and found superior performance. We have conducted thermal analysis and concluded that thermal quench should not be an issue in this geometry at 2 kelvin, but may become an issue at 4 kelvin if the resonator achieves gradients significantly higher than 10 MV=m without experiencing magnetic quench. The resonator with elliptical rods has recently been fabricated with niobium. It is currently undergoing high power tests at Los Alamos National Laboratory. Maximum gradients achieved experimentally will be reported elsewhere.
